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Matthew Levy
Bielefeld University
Abstract
We enumerate the fibres of commutator word maps over p-groups of
nilpotency class less than p with exponent p. We also give some examples
and enumerate the fibre sizes of all word maps over p-groups of class 2
with exponent p.
1 Introduction
Let G be a finite group, w(x1, ..., xn) a group word and w the associated word
map w : G(n) → G. For g ∈ G denote by NGw (g) the number of solutions to w =
g and by PGw (g) the probability that a random n-tuple g = (g1, ..., gn) ∈ G
(n)
satisfies w(g) = g, i.e.
PGw (g) =
NGw (g)
|G|n
.
The study of PGw has attracted a lot of attention in recent years. For example,
in [4], it was shown that for 1 6= w and a finite simple group G, PGw (1) → 1 as
|G| → ∞. Results in [10] provide sharp bounds on PGw for general words w and
finite simple groups G. If G is abelian, then the word map
w : G(n) → G,
is a homomorphism and it is clear that
NGw (1) = |Ker w| =
|G|n
|Im w|
≥ |G|n−1
and so PGw (1) ≥
1
|G| . It is a conjecture of Alon Amit (see [1]) that if G is
a nilpotent group then PGw (1) ≥
1
|G| . In [11] we prove Amit’s Conjecture in
the special case where the nilpotency class is 2. Note that since the statistics
NGw (1) and P
G
w (1) are multiplicative under direct products, we may reduce to
the case where G is a finite p-group. In this paper we study the fibre sizes of
a particular class of words over p-groups. In Section 3 we show that this is
enough to determine the fibre sizes of all word maps over p-groups of class 2
with exponent p.
For t ∈ N, let ct denote the word map given by ct = [x1, y1]...[xt, yt] and, for
g ∈ G, let NGt (g) denote N
G
ct (g). Similarly let P
G
t denote the ct-distribution on
1
G, i.e.
PGt (g) =
NGt (g)
|G|2t
,
and let UG be the uniform distribution onG (i.e. UG(g) = 1/|G|). By a classical
result of Frobenius from 1896 (see, for example, [7]) we have
NGt (g) = |G|
2t−1
∑
χ∈Irr(G)
χ(g)
χ(1)t
, (1)
where 1 is the identity element of G and we sum over the irreducible complex
characters of G. In the main result of this paper, Theorem 2.1, we give explicit
formulae to compute the numbers NGt (g), for finite p-groups G of nilpotency
class less than p with exponent p, in terms of the number of rational points of
certain algebraic varieties.
In [5] Garion & Shalev prove the following.
Proposition 1.1 (Proposition 1.1 [5]). Let G be a finite group. Then
||PG1 − U
G||1 ≤

 ∑
χ∈Irr(G),χ6=Id
χ(1)−2


1/2
,
where ||PG1 − U
G||1 =
∑
g∈G |P
G
1 (g)− U
G(g)|.
As the authors remark, this bound has no content when the sum on the right
hand side is greater than or equal to 1. Since the non-trivial linear characters
of G contribute |G/G′|−1 to the sum the result can only be useful for perfect
groups. Since the maps ct take values in G
′ it is not hard to adapt their proof
and deduce the following.
Proposition 1.2. Let G be a finite group. Then
||PG
′
t − U
G′ ||1 ≤

 |G′|
|G|
∑
χ∈Irr(G),χ(1) 6=1
χ(1)−2t


1/2
.
If the right hand side in Proposition 1.2 is close to zero, then the fibres of
the maps ct are roughly the same size and the values are uniformly distributed.
The proof follows easily from the following lemmas.
Lemma 1.3. Let G be a finite group. Then∑
g∈G′
PGt (g)
2 =
1
|G′|
+
1
|G|
∑
χ∈Irr(G),χ(1) 6=1
χ(1)−2t.
Proof. The proof follows from Lemma 2.1 in [5] and noting that PGt (g) = 0 for
g 6∈ G′.
Lemma 1.4. Let G be a finite group. Then
∑
g∈G′
(
PGt (g)−
1
|G′|
)2
=
1
|G|
∑
χ∈Irr(G),χ(1) 6=1
χ(1)−2t.
2
Proof. By Lemma 1.3,
∑
g∈G′
(
PGt (g)−
1
|G′|
)2
=
∑
g∈G′
PGt (g)
2 −
2
|G′|
∑
g∈G′
PGt (g) +
1
|G′|
=
1
|G|
∑
χ∈Irr(G),χ(1) 6=1
χ(1)−2t
since
∑
g∈G′ P
G
t (g) = 1.
Proof of Proposition 1.2. This follows from the Cauchy-Schwarz inequality,
(||PG
′
t − U
G′ ||1)
2 =

∑
g∈G′
(Pt(g)−
1
|G′|


2
≤ |G′|
∑
g∈G′
(
Pt(g)−
1
|G′|
)2
and the previous lemma.
In Section 2 we will develop formulae for the fibre sizes of the word maps
ct over p-groups of nilpotency class less than p with exponent p. Moreover,
these results extend, more generally, to p-groups obtained by ‘base extension’.
In Section 3 we will determine the fibre sizes of all word maps over p-groups of
class 2 with exponent p. We will then give some examples in Section 4.
2 Enumerating sizes of fibres
Let G be a finite p-group and, for each i ∈ N, write Irri(G) = {irreducible
complex characters of G of degree pi} and Irr(G) for the set of all irreducible
complex characters. For a complex variable s and g ∈ G write
ζiG(s, g) =
∑
χ∈Irri(G)
χ(g)
χ(1)s
. (2)
We will also write
ζG(s, g) =
∑
χ∈Irr(G)
χ(g)
χ(1)s
=
∑
i∈N
ζiG(s, g). (3)
It is clear from equations (1) and (3) that
NGt (g) = |G|
2t−1ζG(t, g)
and that
PGt (g) =
1
|G|
ζG(t, g). (4)
In this section we prove Theorem 2.1 which allows us to compute expressions
like equations (3) and (4) for finite p-groups of nilpotency class less than p with
exponent p.
Note that when s = 1 and g = 1, the identity of G, the sum ζG(1, 1) is
simply the class number k(G) of G and that if g is not in the derived group of G
then ζG(s, g) = 0 since N
G
s (g) = 0, see equation (1). An analogue of equation
3
(3), a twisted zeta function, is studied by Jaikin-Zapirain c.f. [8, Theorem 1.2]
where he shows that it is a rational function in p−s for any g ∈ G where G is a
FAb uniform pro-p group.
We also note that the twisted zeta function in equation (3) is multiplicative
under direct products in the following sense: for g1 ∈ G1 and g2 ∈ G2 where G1
and G2 are groups we have
ζG1×G2(s, g1g2) = ζG1(s, g1).ζG2(s, g2).
In [12] O’Brien & Voll use the Kirillov orbit method to enumerate the irre-
ducible complex characters, of each degree, of finite p-groups of nilpotency class
less than p. If the group G is of exponent p, then the number of characters, of
each degree, of G can be described in terms of the number of rational points of
certain algebraic varieties. We can analogously compute the sums ζiG(s, g) by
counting the numbers of rational points of the algebraic varieties considered by
O’Brien & Voll that intersect a hyperplane characterized by g.
We now fix a p-group G of nilpotency class less than p with exponent p and
an element g ∈ G′.
The Lazard correspondence establishes an order-preserving bijection between
finite p-groups of nilpotency class c < p and finite nilpotent Lie rings of p-power
order and class c < p; cf. [9, Example 10.24]. Let c < p be the nilpotency
class of G. Let g = log(G) be the finite Lie ring associated to G by the Laz-
ard correspondence. The Kirillov orbit method gives a correspondence between
characters of G and orbits in gˆ := HomZ(g,C
∗), the Pontryagin dual of g, under
the co-adjoint action of G on gˆ; cf. [3, Theorem 2.6] or [6, Theorem 4.4]. Under
this correspondence each orbit Ω of size, say, p2i gives rise to a character χΩ of
degree pi and all characters are of this form. We have
ζiG(s, g) =
∑
Ω⊆gˆ,|Ω|=p2i
χΩ(g)
χΩ(1)s
,
where we sum over orbits Ω of gˆ and χΩ is the character of G that corresponds
to the orbit Ω. For each ω ∈ Ω we denote χω = χΩ.
For each ω ∈ gˆ we write Bω for the bi-additive, skew-symmetric form Bω :
g × g → C∗, (u, v) 7→ ω([u, v]) and Rad(Bω) for the radical of Bω. Note that
the centre z of g is contained in Rad(Bω) and the form Bω only depends on the
restriction of ω to g′. From [12] we have, for each i,
ζiG(s, g) = p
−2i
∑
ω∈gˆ,|g:Rad(Bω)|=p2i
χω(g)
χω(1)s
= |g/g′|p−2i
∑
ω∈ĝ′,|g:Rad(Bω)|=p2i
χω(g)
χω(1)s
= |g/g′|p−2i
∑
ω∈ĝ′,|Rad(Bω):z|=p−2i|g/z|
χω(g)
χω(1)s
.
By the Kirillov orbit method we have, for all ω ∈ gˆ such that |g : Rad(Bω)| = p
2i,
χω(g) = p
−i
∑
υ∈Ωω
υ(g),
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where Ωω is the orbit containing ω and we identify g with an element of g =
log(G). Hence
ζiG(s, g) = |g/g
′|p−i(3+s)
∑
ω∈ĝ′,|Rad(Bω):z|=p−2i|g/z|
∑
υ∈Ωω
υ(g).
Theorem B in [12] gives a geometric characterization of this sum in terms
of the numbers of certain rational points of rank varieties of matrices of linear
forms. Assume that o is a compact discrete valuation ring of characteristic zero
with maximal ideal p and residue field k = o/p of characteristic p. Suppose
that g is a finite, nilpotent o-Lie algebra of class c < p and that both g/z
and g′ are annihilated by p. Set a := rkk(g/z) and b := rkk(g
′) and fix bases
e = {e1, ..., ea} and f = {f1, ..., fb} for g/z and g
′ respectively. Choose structure
constants λkij ∈ k such that
[ei, ej ] =
b∑
k=1
λkijfk
and λkij = −λ
k
ji for all i, j ∈ {1, ..., a} and k ∈ {1, ..., b}. Let Y = (Y1, ..., Yb)
be independent variables and define the ‘commutator matrix’ (with respect to
e and f) B(Y) ∈ Mata(k[Y]) given by
B(Y)ij :=
b∑
k=1
λkijYk
for all i, j ∈ {1, ..., a}. For y = (y1, ..., yb) ∈ K
b, where K is any finite exten-
sion of k, write B(y) ∈ Mata(K) for the matrix obtained by evaluating the
variables Yi at yi. Note that the matrices B(y) are skew-symmetric, have even
rank and that det(B(Y)) is a square in k[Y], whose square root Pf(B(Y)) :=√
det(B(Y)) is the Pfaffian of B(Y). If a is odd then Pf(B(Y)) = 0.
Fix a non-trivial additive character φ : k → C∗. For a ∈ k define φa(x) =
φ(ax). The map a 7→ φa is an isomorphism between k and its Pontryagin dual
k̂. We have an isomorphism between g′ and its dual ĝ′ and also a canonical
isomorphism between g′ and its linear dual HomFq(g
′,k). We now fix an iso-
morphsim ψ1 : ĝ′ → Homk(g
′,k). The dual k-basis f∨ = (f∨k ) for Homk(g
′,k)
gives a coordinate system
ψ2 : Homk(g
′,k) → kb;
y =
b∑
k=1
ykf
∨
f 7→ y = (y1, ..., yb).
Set ψ := ψ2 ◦ ψ1 : ĝ′ → k
b, an isomorphism. Under this isomorphism we may
identify elements y ∈ kb with elements ωy ∈ ĝ′.
Assume that O is an unramified extension of o, with maximal ideal P. Write
g(O) for g⊗oO and z(O) for z⊗oO. We identify the residue field O/P, a finite
extension of k, with Fq. The derived O-Lie algebra g(O)
′ as well as the quotient
g(O)/z(O) are annihilated by P. We denote the corresponding bases, e ⊗k 1
for g(O)/z(O) and f ⊗k 1 for g(O)
′, obtained by this base extension by e and
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f respectively. We consider e and f as Fq bases for the respective Fq-vector
spaces of dimensions a and b. The group G = G(O) := exp(g(O)) has the
property that both G(O)′ and G(O)/Z(G(O)) have exponent p. It follows from
[12, Theorem B] that
ζiG(s, g) = |g/g
′|p−i(3+s)
∑
y∈Fbq,rk(B(y))=2i
∑
v∈Ωωy
v(g).
Since |Ωωy | = p
2i we have
ζiG(s, g) = |g/g
′|p−i(1+s)
∑
y∈Fbq,rk(B(y))=2i
ωy(g).
Let
KiG(g) = #{y ∈ F
b
q : rk(B(y)) = 2i, g ∈ Ker(ωy)} (5)
and
V iG(g) = #{y ∈ F
b
q : rk(B(y)) = 2i, ord(ωy(g)) 6= 1}. (6)
Note that
∑
iK
i
G(1) = q
b and V iG(1) = 0 for all i whilst for 1 6= g ∈ G we have∑
iK
i
G(g) = q
b−1.
We write KG(g) and VG(g) for the vectors (K
i
G(g))i and (V
i
G(g))i respect-
ively. The numbers ωy(g) are p-th roots of unity. Since the sum of the q − 1
Galois conjugates of non-trivial q-th roots of unity is −1 we have the following:
Theorem 2.1. Let o be a compact discrete valuation ring of characteristic zero
with residue field k of characteristic p and let g be a finite, nilpotent o-Lie algebra
of class c < p. Assume that g′ ∼= kb and g/z ∼= ka as k-vector spaces. Let O be
a finite, unramified extension of o, with residue field isomorphic to Fq. Write
G := G(O) for the group associated with g(O) under the Lazard correspondence.
Then, for each i,
ζiG(s, g) = |G/G
′|p−i(1+s)(KiG(g)−
1
q − 1
V iG(g)),
where KiG and V
i
G are defined in equations (5) and (6).
This follows immediately from the discussion above.
3 Nilpotent class 2 groups
Let G be a finite group, w(x1, ..., xn) a group word and w the associated word
map. Recall that NGw (g) is the number of solutions to w = g and that P
G
w (g) is
the probability that a random n-tuple g = (g1, ..., gn) ∈ G
(n) satisfies w(g) = g.
The following corollary follows immediately from the results in [11]:
Corollary 3.1 ([11]). Let G be a finite p-group of nilpotency class 2 with expo-
nent p and let w be a group word. Then there exists a word v of the following
form:
i) v = x; or
ii) v = ct for some t,
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such that PGw (g) = P
G
v (g) for all g ∈ G.
By Theorem 2.1 we have determined the fibre sizes of all word maps over all
p-groups of nilpotency class 2 with exponent p:
Corollary 3.2. Let p be an odd prime and let G be a finite p-group of nilpotency
class 2 with exponent p and let w be a group word. Then either
i) PGw (g) =
1
|G| for all g ∈ G; or
ii) PGw (g) =
1
|G|ζG(t, g) for some t depending on w.
4 Examples
We compute the sums ζiG(s, g) for various relatively free p-groups with exponent
p. Note that for i = 0, the only vector y giving rise to a matrix B(y) such that
rk(B(y)) = 0 (see equations (5) and (6)) is y = 0. Suppose that i 6= 0.
Since the rank of the matrix B(y), for given y ∈ Fbq, is invariant under scalar
multiplication the rank of the matrix B(y˜) with y˜ = (y˜1 : ... : y˜b) ∈ P
b−1(Fq) is
well defined. Under the Lazard correspondence we may identify 1 6= g ∈ G′ with
an element g ∈ g′ ∼= Fbq, the associated Lie algebra, and similarly identify g with
g˜ ∈ Pb−1(Fq). Since the matrix B is skew-symmetric its determinant det(B) is
a square whose square root Pf(B) :=
√
det(B) is the Pfaffian of B. If a is odd,
then Pf(B) = 0. Assume that Pf(B) 6= 0. Then Pf(B) defines a hypersurface in
Pb−1 and the Fq-rational points y˜ of this hypersurface correspond to matrices
B(y˜) of a certain non-maximal rank. The Fq-rational points which do not lie
on the hypersurface will be of maximal rank a. We refer to points y˜ ∈ Pb−1(Fq)
as being ‘of rank 2i’ for some i if the associated matrix B(y˜) is of rank 2i. The
condition g ∈ Ker(ωy) in the definition of K
i
G(g) (see equation (5)) defines a
hyperplane Hg given by the dot product g˜.y˜ = 0 in P
b−1(Fq). We may thus talk
about the ‘hyperplane defined by g’ as Hg. The numbers K
i
G(g) are simply the
number of Fq-rational points of this hyperplane which intersect the hypersurface
defined by Pf(B) in Pb−1(Fq) giving rise to a point ‘of rank 2i’.
We will now proceed with some examples. In each case it turns out that the
matrices B(Y) have the form
B(Y) =
(
0 U(Y)
−U(Y)tr 0
)
where U(Y) is a matrix.
Example 4.1 (Heisenberg group, H(Fq)). Suppose that G is the Heisenberg
group H(Fq). The matrix U(Y), where Y = (Y1) has a single variable, is simply
the 1 × 1 matrix with entry Y1. There are two cases, i = 0 and i = 1, for the
rank of the matrix U(Y). The number of vectors y in each case is 1 and q − 1
respectively. When g = 1 is the identity, we have K0G(1) = 1 and V
0
G(1) = 0
so that ζ0G(s, 1) = q
2. We also have K1G(1) = q − 1 and V
1
G(1) = 0 so that
ζ1G(s, 1) = q
1−s(q − 1). Together, this gives us
ζG(s, 1) = q
2 + q−s+1(q − 1)
and when s = 1 this is simply k(G), the class number.
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Suppose now that 1 6= g ∈ G′. This occurs with multiplicity (q−1). It is not
hard to see that ζ0G(s, g) = q
2 since K0G(g) = 1 and V
0
G(g) = 0. Also, K
1
G(g) = 0
and V 1G(g) = q − 1 so that
ζG(s, g) = q
2 − q−s+1.
Example 4.2 (A quadric surface in P2(Fq)). Let g be the 7-dimensional nilpo-
tent Fq-Lie algebra of class 2 with Fq-basis (x1, ..., x4, y1, y2, y3) subject to the
relations [x1, x3] = y1, [x1, x4] = y2, [x2, x3] = y3, [x2, x4] = y1. With respect
to this basis we have
U(Y) =
(
Y1 Y2
Y3 Y1
)
.
The determinant of this matrix is defines the quadric surface Y 21 − Y2Y3 in
P2(Fq). There are three cases, i = 0, 1 and 2, for the rank of the matrix U(Y).
The number of such vectors y in each case is 1, (q + 1)(q − 1) and q2(q − 1)
respectively. As usual, the i = 0 case corresponds to when y is zero, i = 1 when
y˜ lies on the curve and i = 2 otherwise. When g is the identity we can compute
KG(1) = (1, (q + 1)(q − 1), q
2(q − 1))
and VG(1) = (0, 0, 0) so that k(G) = q
4 + q2(q + 1)(q − 1) + q2(q − 1).
Now suppose that g 6= 1. We have two cases. The first case is when Hg
corresponds to a tangent of the surface Y 21 = Y2Y3. This occurs with multiplicity
(q + 1)(q − 1). In this case
KG(g) = (1, (q − 1), q(q − 1))
and
VG(g) = (0, q(q − 1), (q
2 − q)(q − 1)).
The second case is whenHg corresponds to a line which intersects the surface
Y 21 = Y2Y3 at two distinct points. This occurs with multiplicity q
2(q − 1). In
this case
KG(g) = (1, 2(q − 1), (q − 1)(q − 1))
and
VG(g) = (0, (q − 1)(q − 1), (q
2 − q + 1)(q − 1)).
Example 4.3 (A quadric surface in P3(Fq)). Let g be the 8-dimensional nilpo-
tent Fq-Lie algebra of class 2 with Fq-basis (x1, ..., x4, y1, ..., y4) subject to the
relations [x1, x3] = y1, [x1, x4] = y2, [x2, x3] = y3, [x2, x4] = y4. With respect
to this basis we have
U(Y) =
(
Y1 Y2
Y3 Y4
)
.
The determinant of this matrix defines the quadric surface Y1Y4−Y2Y3 in P
3(Fq).
There are three cases, i = 0, 1 and 2, for the rank of the matrix U(Y). The
number of vectors y in each case is 1, (q + 1)2(q − 1) and (q3 − q)(q − 1)
respectively. As usual, the i = 0 case corresponds to when y is zero, i = 1 when
y˜ lies on the curve and i = 2 otherwise. When g is the identity we compute
KG(1) = (1, (q + 1)
2(q − 1), q4 − 1− (q + 1)2(q − 1))
and VG(1) = (0, 0, 0) so that k(G) = q
4+q2(q+1)2(q−1)+q4−1−(q+1)2(q−1).
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Now suppose that g 6= 1. We have two cases. The first case is when g cor-
responds to a tangent of the surface Y1Y4 = Y2Y3. This occurs with multiplicity
(q + 1)2(q − 1). In this case
KG(g) = (1, (2q + 1)(q − 1), (q
2 − q)(q − 1))
and
VG(g) = (0, q
2(q − 1), (q3 − q2)(q − 1)).
The second case is when g corresponds to a plane which intersects the surface
Y1Y4 = Y2Y3 and is non-tangent. This occurs with multiplicity (q
3 − q)(q − 1).
In this case
KG(g) = (1, (q + 1)(q − 1), q
2(q − 1))
and
VG(g) = (0, q(q + 1)(q − 1), (q
3 − q2 − q)(q − 1)).
The following examples were studied by Boston & Isaacs [2].
Example 4.4 (Elliptic curves in P2(Fp)). Let p be a prime and α ∈ F
∗
p.
Let gα be the 9-dimensional nilpotent Fp-Lie algebra of class 2 with Fp-basis
(x1, ..., x6, y1, y2, y3) subject to the relations [x1, x4] = y1, [x1, x5] = y2, [x1, x6] =
αy3, [x2, x4] = y3, [x2, x5] = y1, [x2, x6] = y2, [x3, x4] = y3, [x3, x6] = y1. With
respect to this basis we have
U(Y) =

Y1 Y2 αY3Y3 Y1 Y2
Y3 0 Y1

 .
The determinant of this matrix defines an elliptic curve Eα in P
2(Fp) and let
nα denote the number of Fp-rational points of the curve Eα. There are three
cases, i = 0, 1 and 2, for the rank of the matrix U(Y). The number of such
vectors y in each case is 1, nα(p− 1) and (p
2 + p+ 1− nα)(p− 1) respectively.
As usual, the i = 0 case corresponds to when y is zero, i = 1 when y˜ lies on the
curve and i = 2 otherwise. When g is the identity we can compute
KG(1) = (1, nα(p− 1), (p
2 + p+ 1− nα)(p− 1))
and VG(1) = (0, 0, 0) so that k(G) = p
6+ p2nα(p− 1)+ (p
2+ p+1−nα)(p− 1).
Now suppose that g 6= 1. Let kα denote the number of inflection points of Eα.
We have four cases depending on how many times the line Hg corresponding to
g intersects the elliptic curve Eα at rational points, this can be zero, once, twice
or three times occurring with multiplicities p2+p+1−nα(p+1)+
2
3
(
nα
2
)
+ nα−k3 ,
nα(p+ 1)− (nα − k)−
(
nα
2
)
, (nα − k)(p− 1) and
(
nα
2
)
respectively.
Suppose that 1 6= g defines a line which intersects the curve at m rational
points where m = 0, 1, 2, 3. We have
KG(g) = (1,m(p− 1), (p+ 1−m)(p− 1))
and
VG(g) = (0, (nα −m)(p− 1), (p
2 +m− nα)(p− 1)).
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